COUNTABLE EXCHANGE AND FULL EXCHANGE RINGS 
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Abstract. We show that a suitable ring with a "nice" topology, in which convergent 
limits of units are units, is an Ko"6xchange ring. We generalize the argument to show 
that a semi-regular ring, R, with a "nice" topology, is a full exchange ring. Putting 
these results in the language of modules, we show that a cohopfian module with finite 

lO I exchange has countable exchange. Also, all modules with Dcdekind-finitc, semi-regular 

Cn i endomorphism rings are full exchange modules. 
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^' ^1. Introduction 

a 

The exchange property for modules was first studied in 1964 by Crawley and Jonsson 
|CJj . and is defined as follows. A right fc-module M^ has the 'R-exchange property if, 
^ ■ whenever A = M(BN = ®jg/ Ai, with |/| ^ N, then there are submodules A[ C Ai, with 

O ! A = M (B (©jg/ ^i) • If M has K-exchange for all cardinals K then we say M has full 

^ I exchange. If the same holds just for the finite cardinals, we say M has finite exchange. It 

^ I is easy to show that 2-exchange is equivalent to finite exchange. An outstanding question 

O ■ in module theory is whether or not finite exchange further implies full exchange. 
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It turns out that the finite exchange property is an endomorphism ring invariant; 
putting E = End{Mk), then M^ has finite exchange if and only if Ee has finite exchange. 
A ring, R, such that Rr has finite exchange is called an exchange ring, following |Waj . 
and this turns out to be a left-right symmetric condition. Nicholson JN' calls a ring 
K^ ■ suitable if, given an equation x + y = 1, there are orthogonal idempotents e G Rx and 

K> , / G Ry with e + f = 1. This turns out to be equivalent to R being an exchange ring. It 

Jj I is easy to show that semi-vr-regular rings^ are suitable, and while this is a large class it 

does not exhaust all exchange rings. Any corner ring in a suitable ring is suitable, and 
any direct product of suitable rings is suitable. 

Continuous modules, and hence ( quasi- )injective modules, always claim the exchange 
property IMM2I . Further, quasi-continuous modules with finite exchange have full ex- 
change |()Rj . IMM3 . There are many other classes of modules for which finite exchange 



implies full exchange, including modules which are direct sums of indecomposables |ZZj . 
and modules with abelian endomorphism rings [Mj. It also turns out that square- free 
modules^ with finite exchange have countable exchange |MMi 



Every endomorphism ring, E, is endowed with a topology, called the finite topology, 
in which a basis of neighborhoods of zero is given by annihilators of finite subsets of 



^R/J{R) is TT-regular, and idempotents lift modulo J{R). 
No submodule is isomorphic to a square X (B X . 
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M. One says that a collection {xi}i^i ^ E oi endomorphisms is summable, if for each 
m & M the set {i\xi{m) ^ 0} is finite. One may then easily define 'Ylii<^i^i ^s the map 
m ^^ 'Yliiei ^ii^- Central to the study of exchange modules is the following proposition: 

Proposition 1. The following are equivalent: 

(1) M has the "^-exchange property. 

(2) If we have 

A = M®N = QAi 

with Ai = M for all i & I, and \I\ ^ K, then there are suhmodules A'^ C Ai such that 



A = M®^A',. 



iGl 



(3) Given a summable family {xi}i^i of elements of E, with J^iei^i — ^> ^^'^ '"^^^^ 
|/| ^ K, then there are orthogonal idempotents Ci G Exi with X^jg/Cj = 1. 

Proof. This is |ZZ| Proposition 3]. D 

Now, let i? be a topological ring with a linear, Hausdorff topology. This means that 
there is a ring topology with a basis of zero, say it, consisting of left ideals, with Hi/gu U = 
(0). We say that a collection {xjjjg/ C i? is summable to r & R ii there is a finite set 
F' (1 I such that Yliep (^i — r & U for all finite sets F 3 F'. The finite topology on E 
is linear and Hausdorff, and this new notion of summability agrees with the one defined 



above. Following MMi , we can now extract from Proposition ^ property (3) a ring 



theoretic version of K-exchange. 

Definition 1. Let i? be a ring with a linear, Hausdorff topology. We say that R is an 
'R-exchange ring if, given a summable family {xjjjg/ C R with Yliei^i ~ l' then there 
are summable, orthogonal idempotents {ej}jg/ with Cj G Rxi and ^jg/Cj = 1.^ If this 
holds for all cardinalities K, we say the ring is a full exchange ring. 

Notice, a module has K-exchange if and only if E (with the finite topology) is an K- 
exchange ring. Also notice, in the definition above we require {cjjjg/ to be a summable 
family. When trying to verify that a ring is an K-exchange ring, we often need to assume 
some condition which forces families of this sort to be summable. The following is such a 
condition: We say a summable family {xi} is left multiple summable if, given an arbitrary 
family {ri}ig/, then the collection {rjXjjjg/ is also summable. We say that a topology is 
left multiple summable if all summable families are left multiple summable. Finally, we 
say that a topological ring, R, has a nice topology if the topology is linear, Hausdorff, and 
left multiple summable. One can easily show that a complete, linear, Hausdorff topology 
is nice. 



"'This definition differs from the one given in [MMi], where the word "orthogonal" is missing, and the 
word "complete" is added. From a personal correspondence with the first author of that paper, it was 
made clear that the definition given here is the one they intended. 
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In this paper, we show that a suitable ring with a nice topology, in which convergent 
limits of units are units, is an Ko-exchange ring. Generalizing the proof, we then show 
that Dedekind-finite, regular rings with nice topologies are full exchange rings. We 
generalize the proof further to show that tt- regular, nice topological rings are full exchange 
rings, if the right regular module Rr satisfies the (C2) property. Further, we push these 
arguments through the radical. We finish by reinterpreting these results in module- 
theoretic language. 

§2. Tools for Exchange Rings 

Throughout this paper we let /c be a ring, we let Mk be a right /c-module, and put 
E = End{Mk), which acts on the left of M. All other modules will also be right k- 
modules. If we have two modules A^ and A^' we write A^ C® A^' to mean that A^ is a 
direct summand of A^'. Also throughout, we let i? be a ring, U{K) the group of units, 
and J{R) the Jacobson radical. Rings are associative with 1, and modules are unital. 

In our study of K-exchange rings, we first investigate the behavior of idempotents in 
suitable rings. To begin, we define a useful equivalence relation on idempotents. 

Definition 2. Let e, e' G R be idempotents. We say that e and e' are left strongly 
isomorphic if e'e = e' and ee' = e. We write this relation as e ~ e', and it is easy to 
check that this is an equivalence relation. One also has the dual notion of right strongly 
isomorphic idempotents, which we denote by e ^ e'. 

Lemma 1. Let e and e' he idempotents in a ring R. The following are equivalent: 

(1) e ~ e'. 

(2) Re = Re'. 

(3) e' = e + (1 — e)re for some r E R. 

(4) e' = ue for some u G U{R). 
(5){l-e)^{l-e'). 

Furthermore, if R = End{Mk) for some module Mk, then the following properties are 
also equivalent to the ones above: 

(6) ker(e) = ker(e'). 

(7) (1 - e)M = (1 - e')M. 

Proof. The equivalence of properties (1) through (5) is a simple exercise [La2, Exercise 

2L4]. (6) ^ (7) is easy, as is (1) ^ (6). D 

In the literature, two idempotents e, e' are said to be isomorphic if eR = e'R (or 
equivalently. Re = Re'). Thus, we see that if two idempotents are left (or right) strongly 
isomorphic then they are isomorphic. On the other hand, two idempotents are both 
left and right strongly isomorphic if and only if they are equal. So, the notion of left 
strongly isomorphic idempotents is a nontrivial strengthening of the notion of isomorphic 
idempotents. 
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The equivalence in Lemmas that we need the most is (1) <^ (4). It turns out that we 
can say more about the unit in property (4). In fact, by property (3), e' = e + (1 — e)re 
for some r G -R. Putting u = 1 + [1 — e)re, we see that e' = ue, and u is a unit with 
inverse u~^ = 1 — (1 — e)re. Also notice, u{l — e) = (1 — e). So, we may strengthen 
property (4) to read: 

(4') e' = ue for some u G U{R), with u{l — e) = (1 — e). 

Throughout the rest of the paper, we will assume (4') is a part of Lemmas] As an aside, 
although we don't need any further properties of the unit, u, constructed above, it is also 
true that u{l — e') = (1 — e'), eu = e, e'u = e', and (1 — e)u~^ = 1 — e'. 

The next two lemmas give us computational tools we will use to work inductively with 
suitable rings. 

Lemma 2. Let R be a suitable ring, and let X1+X2+X3 = 1 be an equation in R. Suppose 
that Xi is an idempotent. Then there are pair-wise orthogonal idempotents ei G Rxi, 
62 G Rx2, and 63 G Rx^, such that ei + 62 + 63 = 1 and Xi ~ ei. 

Proof. Let / = 1 — xi, and multiply by / on the left and right oi xi + X2 + X3 = 1 to 
obtain fx2f + fx^f = f. Since corner rings in suitable rings are suitable JNl Proposition 
1.10], fRf is suitable. Hence, there are orthogonal idempotents /2 G fRf{fx2f) and 
/s G fRfifxsf) summing to / (the identity in fRf). Write /2 = fr2fx2f and /s = 
fr^fxsf for some r2,r3 G R. 

Let 62 = f2T2fx2 G Rx2 and let 63 = fsr^fx^ G Rx^. By an easy calculation we see 
that 62 and 63 are orthogonal idempotents. Let ei = 1 — 62 — 63, so ei is orthogonal to 
62 and 63, and we also obtain ei + 62 + 63 = 1. 

We calculate 

eiXi = (1 - 62 - e3)(l - /) = 1 - 62 - 63 - / + 62/ + 63/ 

= ei-/ + /2 + /3 = ei-/ + / = ei. 

So ci G Rxi. Finally, since /e2 = 62 and fe^ = 63, we see xiCi = xi(l — 62 — 63) = xi. D 

Lemma 3. Let e and e' be idempotents in a ring R, with e ~ e'. Assume R has a linear, 
Hausdorff topology. Also assume that e = J2iei 9i where {gi}i(zi is a summable family of 
orthogonal idempotents. Then {e'gi}i(zj is a summable family of orthogonal idempotents 
with gt ~ e'gi. Further, if e' = ue then e'g-i = ugi. Finally, if f is any idempotent 
orthogonal to e, then f is orthogonal to each gi. 

Proof. Notice that g^e = gi = egi and ee' = e. Therefore 

ie'gi){e'gj) = e'{gie)e'gj = e'gi{ee')gj = e'gicgj = e'g^g^ = dijc'gi 

so they are orthogonal idempotents. Also gi{e'gi) = {gie){e'gi) = gicgi = gi and clearly 
{e'gi)gi = e'gi. Thus gi ~ e'gi. If e' = ue then e'gi = uegi = ugi. The final statement is 
another easy calculation. D 



COUNTABLE EXCHANGE AND FULL EXCHANGE RINGS 5 

It will turn out that we will be working with families of idempotents that are "almost" 
orthogonal, which we want to modify into truly orthogonal families. The following lem- 
mas gives us the mathematical framework to make this happen. 

Lemma 4. Let {ej}jg/ he a summahle family of idempotents in a ring R with a linear, 
Hausdorff topology, and assume I is well-ordered. Suppose that CiCj G J{R) whenever i < 
j, and that J2iei^i = « G U{R). Then {u~^ei}i(zi is a family of orthogonal idempotents, 
summing to 1. 

Proof. Follows from |MMi| Lemma 8]. D 

Lemma 5. Let {ejjjg/ he a summahle family of idempotents in a ring R with a linear, 
Hausdorff topology, and assume I is well-ordered. Put e = X]jg/ ^« ^"'^ suppose that 
CiCj = whenever i < j. If e^r = 0, for some r E R and some n G Z^, then we have 
CiV = for all i E I . In particular, er = 0. 

Proof. We proceed by induction. Since CjCj = for i < j, this implies Cic = ei (where 1 
is the first element of /). Therefore Cie" = ei, and so Cir = eie"r = 0. This finishes the 
base case. 

Now, suppose that e^r = for all i < (3. Then er = f X]j>/3 ^i ) ^- Again since CjCj = 
for i < j, we have 

\i>/3 / \i</3 i^f3 / \i>/3 / \i>/3 

So, 




= e/3e"r = e/3e" ^ i^ei\ r = e^s i^e^] 

\i^l3 J \i^f3 J 



i j"^ = ep \ ^ei ] r = epr. 

This finishes the inductive step. It is now clear that er = also. D 

Lemma 6. Let R he an exchange ring with a linear, Hausdorff topology. Then J{R) is 
closed. 

Proof. This is |MMi[ Lemma 11]. The lemma they prove is for endomorphism rings, but 
the argument already works in this more general situation. D 

Lemma 7. Let R he a suitahle ring, and put R = R/J{R). If e E Rx is an idempotent, 
then there is an idempotent e G Rx with e = e. 



Proof. Follows easily from MMi[ Corollary 7] . D 



§3. Countable Exchange Rings 

The motivation for our first result comes from a simple construction showing that 
2-exchange is equivalent to finite exchange for modules, based upon ideas in jNj. Unfor- 
tunately, the method fails when trying to pass to countable exchange. However, if one 
forces convergent limits of units to be units the proof can be made to work as follows. 
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Theorem 1. Let R be a suitable ring with a nice topology. Also suppose that convergent 
limits of units are units. Then R is an '^Q-exchange ring. 

Proof. Let {xi}i^z+ be a summable family of elements in R, with Xli^i ^« — 1- For 
notational ease, set i/j = J2i>j^i- Fo^ ^^^h j G Z+ we will construct elements Cij G 
Rxi (for i ^ j), fj G Ryj, and Vj G U{R) such that the following conditions hold: 
(1) {eij, e2j, . . . , Cjj, fj} is a family of orthogonal idempotents, summing to 1, and (2) 



ViC. 



J *i* 



Cij (for all i ^ j) and fj/,- = fj. 



Set fi = 1. Since i? is suitable, the equation xi + yi = 1 implies that there are 
orthogonal idempotents eii G Rxi and /i G -Ryi with Ci^i + /i = 1. It is easy to check 
that condition (1) holds for j = 1, and condition (2) holds trivially in this case. This 
finishes the base case. Suppose, by induction, we have fixed elements Cij G Rxi (for all 
^ ^ j)y fj ^ Ryjy &^d Vj G U{R) satisfying the conditions above, for each j ^ n. Writing 
fn = ryn for some r G -R, we have 

1 = ei,„ H h en,n + fn = (ci,™ H h e„,„) + rxn+i + ryn+i- 

Lemma |21 allows us to pick pair- wise orthogonal idempotents 

/ziG-R(ei,nH he„,„), h2 e Rrxn+i, h^ e Rryn+i 

with hi + h2 + hs = 1 and /ii ~ J27=i^hn- By Lemma [T[ property (4'), there exists 

Un+i G f/(-R) such that Un+i{ei,n H h e„,n) = /ii and Un+ifn = fn- Putting d^n+l = 

Un+iCi^n e Rxi (for i ^ n) , e„+i,„+i = /12 e -Ra^n+i, and /„+i = h^ e Ryn+i, Lemma El 
shows that condition (1) above holds. 

By Lemma m property (5), {en+i,n+i + fn+i) is right strongly isomorphic to /„, hence 
/„e„+i,„+i = en+i,n+i and fnfn+i = fn+i- Putting Vn+i = Un+iVn, and remembering 
Un+ifn = /n, we Calculate 

^n+l/n+l = ['^n+l'Vn){fnfn+l) = '^n+l'^n Jn/n+l = ^n+l/n/n+1 = fnfn+1 = Jn+l 

and similarly f„+ie„+i,„+i = e^+^^+i. Finally, for i < n + 1, Vn+iCi^i = Un+iVnCi^i = 
Un+i^i,n = ^i,n+i- Therefore, condition (2) holds. This finishes the inductive step. 

So we have constructed elements e^j- (for i ^ j), fj, and Vj satisfying the properties 
above, for all j G Z+. Since {xi}i^z+ is summable, and the topology is left multiple 
summable, the family {ei^i}iQZ+ is also summable. We put ip = J2iez ^«.«- ^^ want to 
prove that ip is a unit in R. 

Since lim„^ool/n = 0, and the topology is linear, we have lim^^oo fn = 0. Therefore, 
00 / " \ / " \ 

V^ = VI ei,i = lim V" ei,i + fn] = hm t;;;;^ V 6^,^ + fn] = lim f;;;^ 

Convergent limits of units are units, so y? is a unit. 

Now, for i < j, we have ei^iCjj = vJ^VjCi^iCj^ = vJ^CijCjj = G J{E). So, by 
Lemma m {v5~^ei,i}jgz+ is a summable, orthogonal set of idempotents, summing to 1. 
Finally, ip~^ei^i G Rxi, so R satisfies the definition of an Ko-exchange ring. D 
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The converse of Theorem^ is not true. For example, let A; = Q and let M^ = Qq be 
the countable vector space over Q. Then E is isomorphic to the ring of N x N column- 
finite matrices over Q. One can easily construct a limit of units in E which converges to 
a non-unit, and yet M has full exchange. 

A natural question to ask is what convergent limits of units look like in general. We 
claim that in any ring with a linear, Hausdorff topology, a convergent limit of units is 
always a left non-zero-divisor. To see this, let w = linijg/Wj with each Wi a unit, and 
with / well-ordered. Let [/ G it be an arbitrary, open (left ideal) neighborhood of 0. If 
wr = then linijg/ WiV = and so, in particular, for a large index A^ we have wnt G U. 
But U being a left ideal means r = wJ^WNr E U. Therefore r G flc/eu^ ~ ('-')• So r = 0. 

Theorem Q gives us the following chain of corollaries. 

Corollary 1. Let R be a suitable ring with a nice topology, and set R = R/J{R). If R^ 
is cohopfian, then R is an 'Rq- exchange ring. 

Proof. Let w = limjg/Wj, where / is a well-ordered set, and Wi G U{R) for each i E I. 
By Theorem it suffices to show that w is a unit. An element r G -R is a unit if and 
only if r G -R is a unit. Further, by Lemma IHl we have w = linijg/uJj in the quotient 
topology. Therefore it suffices to show that W is a unit. Since W is a limit of units it 
is a left non-zero-divisor. By |La2l Exercise 4.16], R-^ is cohopfian if and only if all left 
non-zero-divisors are units. Thus W is a unit. D 

Corollary 2. Let R be a ring with a nice topology. If R is a Dedekind- finite, semi-n- 
regular ring then R is an 'Ro-exchange ring. 

Proof. All semi-TT-regular rings are suitable rings. So, from the previous corollary, it 
suffices to show that R-j^ is cohopfian. 

Fix X E R which is a left non-zero-divisor. Since R is vr-regular, fix some n ^ 1 such 
that a;" is (von Neumann) regular, say x" = x"'yx^ for some y E R. Then x"(l — yx") = 0. 
Since x is a left non- zero-divisor so is x". Therefore 1 = yx", and so x is left-invertible. 
From the Dedekind-finiteness, which passes to R, x is invertible. D 

Corollary 3. Let R be a ring with a nice topology. If R is a strongly tt -regular ring then 
R is an ^o-exchange ring. 

Proof. Strongly vr-regular rings are always Dedekind-finite and 7r-regular. D 

§4. Dedekind-finite, Regular Rings 

When trying to push the proof of Theorem2]up to full exchange one runs into problems 
when passing through limit ordinals. However, with the stronger hypothesis that R is a 
Dedekind-finite, regular ring, the proof goes through. 

Theorem 2. Let R be a ring with a nice topology. If R is a Dedekind-finite, regular ring 
then R is a full exchange ring. 
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Proof. Let {xj}jg/ be a summable collection of endomorphisins, summing to 1, with I 
an indexing set of arbitrary cardinality. Without loss of generality, we may assume that 
/ is a well-ordered set, with first element 1, and last element k. Put yj = Yli>i^i ^^"^ 

yj = yj + Xj = J2i^jXi- 

For each j G / we will inductively construct elements Cij G Rxi (for i ^ j), fj G Ri/j, 
and Vj G U{R) such that: (1) {cij (V i ^ j), fj} is a family of orthogonal idempotents 
summing to 1, and (2) fjCj^j = Cjj (for each i ^ j) and Vjfj = fj. 

Put f 1 = 1. Since R is regular it is suitable, and hence xi + yi = 1 implies that there 
are orthogonal idempotents ei^i G Rxi and /i G Ryi, which sum to 1. This completes 
the first step of our inductive definition. Now suppose (by trans-finite induction) that 
for all j < a we have constructed elements ejj (for alH ^ j), fj, and Vj satisfying the 
conditions above. We have two cases. 

Case 1. a is not a limit ordinal. 

In this case we proceed exactly as in the proof of Theorem 1. Writing /q,_i = ry^-i 
for some r G -R, we have 

1 = ^ ei,a-i + fa-1 = ^ ei^a-1 + rx^ + rya. 
Lemma |21 allows us to pick orthogonal idempotents 

he rI^ Ci^a-i j , /i2 e Rrxa, hs G Rryo, 

\i<a / 

with hi + h2 + h^ = 1 and hi ~ J2i<a^i<a-i- By Lemma [H property (4') , there exists 
Ua G U{R) such that hi = u^ {J2i<a ^i,a-i) and u^fa-i = /«-!• Putting ei,„ = u^ei^a-i e 
Rxi (for i < a), ea,a = h2 E Rxa, and fa = h3E Rya, then Lemma El implies that these 
are orthogonal idempotents. Also clearly 



/ _, ^i,a + Jo -L- 



Therefore, condition (1) holds when j = a. Checking that condition (2) holds for v^ = 
UaVoi-i is done exactly as before. This completes the inductive definition of the elements 
we need, when a is not a limit ordinal. 

Case 2. a is a limit ordinal. 

This case is much harder and is where we really use the hypotheses on R. Setting 
if = J2i<a ^i,iy then since R is regular there is some ip E E with ipipi.p = ip, and in 
particular p = 1 — ip(p is an idempotent. Putting (p' = (f + p, we claim that if' is a unit. 

First, we do a few calculations. If i < j < a, then ei^iCjj = vJ^VjCi^iCj^ = vJ^eijCjj = 
0. Also notice that ipp = 0. So, by Lemma El Ci^ip = for all i < a. Now, we show 
that (f' is a left non-zero-divisor. To see this, suppose first that (f'r = for some t e R. 
liifT = then = ip'r = (fT + {1 — ipip)T = t. So, we may assume (fr ^ 0, and in 
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particular there is a smallest index /? with e^^pr ^ 0. Then 

= ep^fiiLp'r) = 6/3^13 ^ Ci^iT + pt\ = ep^pT ^ 

VG[/3,a) / 

giving a contradiction. Thus, in all cases, 79' is a left non-zero-divisor. From our work in 
Corollary 121 we know that in a Dedekind- finite, regular ring any left non- zero-divisor is a 
unit. Therefore (p' G U{R). 

For notational ease, put v'^ = {(f')^^. From our work above, we know that the 
decomposition ip' = X]i<a ^«.« + P satisfies the hypotheses of Lemma El This yields 
Si<a "^a^j.i + '^aP — ^ "whcrc the summands are orthogonal idempotents. Put e[^ = v'^Ci^i 
and /^ = v'^p. An easy calculation shows that /^ = j9, and in particular f „/„ = /^, which 
we will need later. We also claim fjf'^ = f^ for all j < a. To see this we compute 

and so 

(1) f^fa = 




Notice that we put hash marks on the idempotents we constructed. This is because 
they are not quite the ones we set out to construct. We need a few more modifications. 
The first problem with the idempotents we constructed above is that /^ is not a left 
multiple of |/^. We can fix this problem by finding a new idempotent in Ry'^., which we 
will eventually call f^, which is right strongly isomorphic to /^. The construction is as 
follows: 

Since R is regular, the principal right ideal y'af'aR is generated by an idempotent g^, 
due to |La2l Theorem 4.23]. So there is some Za & R with ga = y'afL^a, where we may 
assume Zaga = Za- Also note. 



(2) g.y'JL = y'al 



By definition, for i < a we have /« G Ryi, and so we can fix elements ri E R with 
fi = fiyi. For use shortly, we also note 

(3) \im.yi = y'^. 

I— ►« 

Set r^ = f'aZa- Then using equations [Hand 01 above, along with left linearity, we have 
the following alternate definition of r^ : 

(4) r^ = f'^Za = limf'^Za = hm/i/^z„ = limriyif'^Za = Ymiriy'J'^Za = hmrj^f^. 

i — >a i — >(x i — >Q i — ^a i — ^a. 

We define /" = r'^y'^ = fa'^aVa- We first do the easy computation to show that this is an 
idempotent: 
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Using equations HI through m above, we compute 

faf'a = r'aVLfa = ( Im r^^^ ) y'J'^ = MmriigaV'J'J 

= limriv'J^ = limrii/i/^ = hm/j; = hm/^ = /^ 

Also, clearly, fj^ = /^. 

We have shown /^ ^ f^. Therefore the equivalence of properties (1) and (5) in 
Lemma HI implies (1 — /^) ~ (1 — f^). So, again by Lemma [H property (4'), pick some 
unit v'^ such that v'^{l - /^) = 1 - f^ and v'^f^ = f^. Set e-'„ = f^e- „, for i < a. We 
have ^i^a^ia + fa = 1) ^^^ {c^'q, (V 2 < «), /^'} is a summable family of orthogonal 
idempotents by Lemma 121 

With all the machinery we have built up, it is now an easy matter to construct Cj^q, 
(for all i ^ a), fa, and Va- To do so, notice we have the equation 

1 = Yl <c. + f» = Yl <c. + <^- + <y- 

i<a i<a 

Now use exactly the same ideas as in Case 1 to construct the elements we need. However, 
there is one non-trivial step. We cannot put Va = UaVa-i since a has no predecessor. 
Instead, we must put Va = Uav'^v'^- It is clear that Vaei,i = Cj^q, for i < a, so we just need 
to see that left multiplication by Va acts as the identity on ea^a and fa- First, remember 
fa = v'af'a- Sccoud, wc chosc f^ SO that v'af'a = fa- Third, just as in Case 1 where Ua 
was chosen so that Uafa-i = fa-i, here we can choose Ua so that Uafa = fa- Finally, 
ea,a and fa are both fixed by left multiphcation by f^ and /^ since {ea,a + fa) ^ fa "^ fa- 
Therefore, 

Vafa = {UaVaVa)if'afa) = Ua{VaVaf'a) fa = ^afafa = Uafa = Ua{fafa) = fafa = fa 

and similarly, Vaea,a = Ga,a- This finishes Case 2. 

By trans-finite induction, we have constructed the elements we wanted for all j G /. 
To finish the theorem, let Cj = Cj^^ for all i ^ k. Then {ej}jg/ is a summable family of 
orthogonal idempotents, summing to 1 (since /« G Ry^ = (0)), with Cj G Rxi for each 
i E I - This completes the proof. D 

Corollary 4. Let R he a ring with a nice topology. If R is unit-regular then R is a full 
exchange ring. 

Proof. Unit-regular rings are always regular and Dedekind-finite. D 

We did not state Theorem |21 in full generality so as not to become bogged down with 
the details, and in an effort to make the proof feel more natural. Now that the basic 
construction is finished we can work in a more general setting. 

Theorem 3. Let R he a ring with a nice topology. If R is n-regular and Rji has (C2) 
then R is a full exchange ring. 
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Proof. We need only look at how the hypothesis of regularity was used in Theorem |21 
First was the fact that regularity implied suitability. But R is suitable since R is vr- 
regular. 

Second, we needed ip to be regular. We know it is vr-regular, and so there is some 
n ^ 1, and some ip E R, with </?" = ip'^ipi^'^. Thus (/^"(l — ipip^) = 0. By Lemma El 
ip{l — tpip"") = 0. In other words, ip = ip{tljip"'~^)ip. Therefore, if is still a regular element. 

Third, we needed the fact that regularity plus Dedekind-finiteness forces left non- zero- 
divisors to be units, but this also holds in the case R is vr-regular. 

Finally, R being regular told us that y'^f'^R was generated by an idempotent. We claim 
that y'af'aR — /a-R) ^ud therefore y'^faR will be generated by an idempotent because of 
the (C2) hypothesis. It suffices to show that iiy'^f'jr = then f'^r = 0. Using equations[T] 
and El above, we see f^r = limi^„ fif^r = lim^^^ riyif^r = lim^^^ Tiy^f'^r = 0. D 



)5. Lifting through the Jacobson Radical 



Mohamed and Miiller have shown in IMM2 that if M is a module such that E/J{E) is 



regular and abelian, with idempotents lifting modulo J{E), then M has full exchange. In 
particular, they use this to establish that continuous modules have exchange. Similarly, 
one way of further generalizing the results of the previous sections is to try and lift the 
argument through the Jacobson radical. The argument is actually quite easy. 

Theorem 4. Let R be a ring with a nice topology. Assume that Rr has (C2) and R is a 
Dedekind finite, semi-ir -regular ring. Then R is a full exchange ring. 

Proof. First, notice that R is suitable. If one works through the proofs of Theorems |21 and 
El the only other point which needs some modification is the choice of the idempotent 
p. There are two properties we need p to satisfy. First, we need ipp = 0, so that the 
calculation showing p = f^ will work, and also so Ci^ip = for all i < a. Second, we need 
if' = (f + p to he a. unit. 

By Lemma El we have that {ej_j}j<a is summable in the quotient topology of R/J{R), 
summing to ip. Since R/J{R) is 7r-regular, the argument in Theorem El shows that Ip is 
regular. Hence, there is some ijj E R with ip — (pip(p e J{R). Since idempotents lift modulo 
J{R), and since 1 — ipf is an idempotent modulo J{R), we can pick an idempotent p E R 
(not quite the one we want) with p — (1 — tpip) G J{R). Put ip = ip + p. 

We want to show 1^ is a unit in R, and so it suffices to show that ^ is a unit in R/J{R). 
But because of how p was chosen, the same argument in Theorems |2l and El which showed 
if' was a unit, will now show that ^ is a unit. To make things explicit, we will repeat the 
argument here. 

Since R/J{R) is vr-regular and Dedekind- finite, it suffices to show that 1^ is a left non- 
zero-divisor. Suppose ipr = for some t E R. If Jpr = 0, then since p— (1 — ipip) G J{R), 
we have = (pr = (pr + {1 — iIj(p)t = T. Therefore, we may assume ^ 7^ 0, and in 
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particular there is a smallest index j3, with Cjs^pT 7^ 0. Now, ipp = 0, and so Lemma El 
implies that Ci^ip = for all i < a. Therefore, working modulo J{R), we calculate 

= ef3^p{(f'T) = e/3,/3 J^ Ci^iT + pt\ = ep^pT ^ + J{R). 

V6[/3,a) / 

This contradiction shows that 1^ is a left non-zero-divisor, and hence a unit. 

In our work above we found that Ci^ip G J{R) for i < a. Then, by Lemma |31 the 
collection {(^)~ Cj^j (V i < a), (^)~ p} consists of orthogonal idempotents, summing to 
1. Put p = (ip)^ p. Since (^)~ ei^ip = we have Ci^iP = 0, and in particular ipp = 0. 

Set ip' = ip + p. Suppose that ipr = for some t E R. Then, 

^i,i + p\ T = i^)^ (fT + pr = pr = ip'r. 



\i<a 



Notice that we can push this equation down to R/J{R). Showing ip' = ip + p is a unit is 
now a simple matter by copying the ideas used in the proof that ^ is a unit. D 

One also has another way to lift the argument through the radical. 

Corollary 5. Let R be a ring with a nice topology. If R is a Dedekind- finite, semi-regular 
ring then R is a full exchange ring. 

Proof. Let {xi}i^i be a summable family of idempotents, summing to 1. Let / be well- 
ordered as usual. Putting R = R/J(R), then we see by Lemma IHl that R is a topological 
ring in the quotient topology with a linear, Hausdorff topology. Further, {xijig/ is a sum- 
mable family summing to 1, and is left-multiple summable, since {xj}jg/ is. Therefore, 
the same argument as used in the proof of Theorem |21 shows that we can find orthogonal 
idempotents Ei G Rxi summing to 1. 

By Lemma Ui we can lift each Si to an idempotent Ci G Rxi. These are still sum- 
mable idempotents, summing to a unit (since, modulo J{R), they sum to 1). Letting 
u = Yli<=i^i^ then Lemma m says that {u~^ei}i(zj is a summable family of orthogonal 
idempotents summing to 1. Clearly, W^Ci G Rxi, so we are done. D 

Using the same ideas, we also have 

Corollary 6. Let R be a ring with a nice topology. If R is a Dedekind- finite, semi-n- 
regular ring, and Rji has (C2), then R is a full exchange ring. 



§6. Exchange Modules 

What do the previous theorems say concerning finite exchange modules? We have the 
following unsettling fact, motivated by |Laii Proposition 8.11]. 
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Lemma 8. Let M^ he a module, and E = End{Mk), as usual. If Ee is cohopfian, or 
respectively has (C2), then so does M. The converses do not hold. 

Proof. First, suppose that Ee is cohopfian. Let a; G £^ be an injective endomorphism on 
M. li XT = for some r E E, then xr{m) = for all m G M. But, x being injective 
implies r{m) = for all m G M. Therefore, r = 0. Since r was arbitrary, a; is a left 
non-zero-divisor. Therefore, since Ee is cohopfian, a; is a unit. This shows that M is 
cohopfian. 

Now instead suppose that Ee has (C2). Consider the situation where N' = N C® M. 
Let e G -E be an idempotent with e(M) = A^, and let if : N -^ N' be an isomorphism. 
Without loss of generality, we may assume ip E E hj setting ip equal to on (1 — e)(M). 

Consider the map, cE -^ (peE, given by left multiplication by (f. Clearly this is 
surjective. To show injectivity, suppose that iper = for some r E E. Then iper{m) = 
for all m G M. In particular, ip{er{M)) = 0. But er{M) C e(M) and ip is injective on 
e(M) = A^, therefore er{M) = 0. But then er = 0. This shows injectivity. 

Thus ipeE is isomorphic to eE, a direct summand of Ee- Therefore (peE is generated 
by an idempotent, say /. Clearly fipe = ipe, and / = ipey for some y E E. So /(M) = 
<^ey{M) C ipe{M) = N', and /(M) D f{<fe{M)) = <^e{M) = N'. Therefore N' = f{M) 
is a direct summand. 

A single counter-example will show that both converses do not hold. Let k = Z and 
let M be the Priifer p-group, for any prime p. Then E is isomorphic to the ring of p-adic 
integers. M is cohopfian while E is not, by |Lai| Proposition 8.11]. Notice that the only 
idempotents in E are and 1. Thus, the only direct summands in either Mk or Ee are 
the trivial ones. One easily sees that multiplication by p yields pE = Ee, but pE is not 
a summand. Therefore Ee does not have the (C2) property. On the other hand, any 
submodule isomorphic to M must contain elements killed by multiplication by p, and 
hence must equal M. Thus, all submodules of M isomorphic to M are summands, and 
all submodules of Misomorphic to (0) equal (0). Hence M has the (C2) property. D 

Due to this lemma, it would appear that one could not work with the weaker notion 
of a cohopfian module and hope to prove a theorem analogous to Theorem ^ However, 
in endomorphism rings, limits of units are very special. 

Theorem 5. Let M be a cohopfian module with finite exchange. Then M has countable 
exchange. 

Proof. In the endomorphism ring, E, a limit of units must be an injective endomorphism 
(since nothing in the limit process has a kernel). But then the cohopfian condition forces 
this endomorphism to be an isomorphism, or in other words a unit in E. Thus convergent 
limits of units are units. So M has countable exchange from Theorem ^ D 

Can one also tweak Theorem |3] so we are working with the weaker hypothesis that M 
has the (C2) property? The answer is yes. 
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Theorem 6. Let M be a module with the (C2) property, and a Dedekind- finite, semi-TC- 
regular endomorphism ring. Then M has full exchange. 

Proof. Following Theorem |3J with R = E, the only thing we need to do differently is find 
an idempotent f^ G Ey'^ with /^ ^ /^'. 

Consider the map y'^ : /^(M) — > y'^f^{M), given by left-multiplication by y'^. It is 
clearly surjective. We have /^ = limi^a fifa = linij^a ri?/i/^ = limi^aTiy'^fa, and so the 
map above must also be injective. From the (C2) hypothesis, we have that y'^f^{M) = 
ga{M) for some idempotent g^. 

Define r^ by the rule r^|(i-g,)(A/) = and r'J\g^(^M)=y'j'^{M) = limj^arj. While it is 
true that limj^Q,rj does not necessarily converge in general, it does converge on y'^f^{M) 
since limi^«rij/^/^(m) = \imi_ariyif^{m) = limj^^ /^/^(m) = fa{m).'^ 

We put f'^ = r'^y'^. We first check that it is an idempotent. Given m G M, we can 
write y'c,{m) = gaVaim) + (1 - ga)y'c{m) = y'afLi^') + (1 - 9a)y'c{'n^) for some m! e M. 
Then, 

= r'^y'a (limriyi/M (m') = r'^y'^ (lim/i/M (m') = r'^yafaim') 
= <iy'JLim') + (1 - <7.)z/;(m)) = ry^im) = f^{m). 

So fafa — fa- ^ similar computation shows that f'^ and /^ are right strongly isomorphic. 
The rest of the proof follows Theorem |3] D 

Theorem |2l and Corollaries Q through [HI immediately translate over to the endomor- 
phism ring case. In particular, we have: 

Corollary 7. // M has a Dedekind- finite, semi-n -regular endomorphism ring, then M 
has countable exchange. If, further, the endomorphism ring is semi-regular, then M has 
full exchange. 

§7. Final Remarks 

In |Nij . we define what we call finitely complemented modules. These are modules 
whose direct summands have only finitely many complement summands. We showed 
that a finitely complemented module with a regular endomorphism ring has full exchange. 
We claim that using the methods derived above, one can remove the condition that E is 
regular, and replace it with M having finite exchange and (C2). 

There is another class of modules we can apply these techniques to; namely, square-free 
modules. Suppose that M is a square-free module with finite exchange. Mohamed and 
Miiller have shown that E/J{E) is abelian, |MMi[ Lemmata 11 and 15]. In particular, 
the element ip = J2i<a ^«.*' ^^^^ ^^ out proof above, is an idempotent in E/J{E). [Since 
ei^iCjj = for i < j, and since idempotents commute in an abelian ring, ^ is a sum 

One should now also check that r'^ is a well-defined homomorphism, which we leave to the reader. 
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of orthogonal idempotents, and hence is an idempotent.] Since idempotents hft modulo 
J{E) (because E is suitable) we can lift 1 — </) to an idempotent p, as before. Notice 
that if = (p + p is a unit since (p is congruent to 1 modulo J{E). One chooses p as 
in Theorem 0] Finally, if M has (C2) we can proceed as in Theorem IHl to show full 
exchange for M. However, for square-free modules, the (C2) property is equivalent to 
cohopfianness. So what we have shown is that a cohopfian, square-free module with finite 
exchange has full exchange. 

As far as we know, the only classes of modules where it is known that finite exchange 
implies countable exchange, but not known if this further implies full exchange, are 
square-free modules, cohopfian modules, and finitely complemented modules. 
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